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1. INTRODUCTION

In [10] we proved an interpolation theorem for operators with per-
turbed continuity at the endpoints of the interpolation scale. This theorem
generalizes previous work on weak-type classes in [ 1, 4, 5, 8, 9]. The per-
turbations of continuity in [10] were expressed in terms of the K-func-
tional. The K-functional for the interpolation couple (4,, A,) is expressed
algebraically in terms of the K-functional for interpolation couple (A4, 4,)
and this makes the K-functional a natural tool to develop the general
theory.

However, in some very important cases it is much easier to calculate the
E-functional than the K-functional. Since the dependence of the interpola-
tion theorem on the estimation of the functionals is rather delicate it seems
advantageous to prove an interpolation theorem with the perturbation
conditions expressed in terms of the approximation functional. The
approximation functional was defined in [6]:

DerFINiTION 1.1, Let (A4, A,) be an interpolation couple. We define
E(t, a; Ay, Ay) =inf { |a—a, I, | llao ., < 1.
If we take, see [6],

1/ 11z =pf1/1> 0}

and

LO={f11fllp<o}

then it is easy to see that
[=¢} 1/p
s 220 =( [ o as)
t
and in particular

E(t, fi L L™) = f*(1).

The use of the E-functional enables us to include an interesting class of
functions in the interpolation scale:
The condition

Y s ds— < (L)
tJo
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introduced in [ 1] is equivalent to
f*eBMO(R ). (1.2)

The class of functions which satisfy (1.2) replaces L= in the interpolation
theorem, giving a stronger result. We will see that the class of functions
which satisfy

J« eBMO(R ),
where f,, is the distribution function of f; ie.,
Je) =p{1/1> 7}

plays a similar role, replacing the space L°.

In greater generality, let (4,, A;) and (B,, B;) be two interpolation
couples. Let 7 be an operator satisfying some quasilinearity conditions.
The classical interpolation theorem states that if 7 satisfies two continuity
conditions:

Tl g, < Mo lal o, (13)
and
| Tal < M, lal . (14)
then
[ Ta”(BO,Bl)g’q;K< (0, q, My, M) TaH(AO,Al)g,q;K

Conditions (1.3) and (1.4) can be restated in terms of the E-functional for
the couple (B,, B;). Condition (1.3) is equivalent to

IE(t, Ta; By, By)|[ o< M |all 4,
which in turn is equivalent to

IE(t, Ta; By, Bo)ll 1= < My ||a] 4, (1.5)
and (1.4) is equivalent to

|E(, Ta; By, By)| = < M |lal| 4,

The main idea of this paper is to replace the L® conditions on E by
BMO(R, ) conditions. We will get the same interpolation results giving us
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a stronger interpolation theorems. We will see that for non-increasing func-
tions the BMO(R ) norm is equivalent to

sup (f(2) = f(y1)),

t>0

where y>1 is arbitrary. Thus the BMO(R ) condition which generalizes
(1.5) is equivalent to

sup (E([’ TCl, Bl: BO) _E(y[’ Ta: Bla BO)) <]‘10 Ha”AO .

t>0

This can be viewed as a perturbation of the continuity condition (1.5).
We make a further generalization. To state it we need to make the
following definition:

DEerFINITION 1.2.  Let /# and g be two non-negative functions on R, . We
write

hEg

if there exists > 1 so that for all >0

;h(/m <g(0)<ph (;)

Since the E-functional in some cases is known only up to this equiv-
alence we express the perturbed continuity condition by an arbitrary
h % E. The use of the more general function /4 does not affect the conclu-
sion of the usual interpolation result.

Finally we add two more parameters ¢, and ¢; to the perturbation. We
leave the statement of their role to the interpolation theorem below.

As an application of the present approach we also get a stronger version
of the Stein—Weiss theorem on the interpolation of weighted L? spaces, see
[7].

All interpolation couples in this paper are interpolation couples of quasi-
Banach groups. We will assume the standard results of interpolation theory
as stated in [2].

2. QUASILINEARITY

The proof of the interpolation theorem will use the corresponding
theorem in [ 10]. This application requires a proof of a theorem which is
interesting in its own right: E-quasilinearity implies K-quasilinearity.
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It will be useful to make the following definition:

DEFINITION 2.1.
K, (1, b; By, By) =inf { (| boll’g, + 1" b1 [)"" | b=bo+by}.  (2.1)

We denote K, =K.?

Clearly K, ~ K. Once we know the E-functional we can calculate the
K-functional:

K,(1,b; By, B)= inf (E"(s, b; By, By) +5't")"". (2.2)

s>0

Interpolation theorems in the K-method and in the E-method are typically
proved for operators which are K-quasilinear and E-quasilinear. We recall
the definitions:

DeFNITION 2.2. Let (Ay, 4;) and (By, B;) be two interpolation
couples. We say that

T Ay+ A, — By + B,

is a K-quasilinear operator if for some C >0, for all a; € A4; and all >0, we
have

K(t, T(ag+ a,); By, By) < C(K(t, Tay; By, By) + K(t, Tay; By, By)).

DEerFINITION 2.3. We say that
T:Ay+ A, — By+ B,

is a E-quasilinear operator if for some >0, for all a; € 4; and all >0, we
have

t t
E(t, T(ag+ay); By, By) < <E <ﬁ’ Tay; By, B1> +E<ﬂ’ Tay; By, Bl>>-

3 The definition above is somewhat different than that in [2]: instead of the expression on
the right-hand side of (2.1), Bergh and Lofstrom take inf {([|bo |5, + 1 |16, ngl)l/’ | b="by+b,}.
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LemMma 24. If fi, f> are two non-increasing functions on R, then
inf {max/{ f, (s), f3(s). s1}}
=max{ inf {max{f;(s), st}}, inf {max{f,(s), st}}}.
s>0 s>0
Proof. Let

sy=sup { 5(s) > s1}.

s>0
It is easy to see that

inf max{ f;(s), st} =s;t
s>0

and f;(s;") <s;t. Thus if we take so=max{s, s,} we have

max{ inf {max{f;(s), st}}, int; {max{f,(s), st} } } =sot

s>0

and

so that
inf {max{ /,(s), f3(s). st} }

<max{ f1(sq ), f2(s¢ ), Sot} =Sot

=max{ inf {max{f,(s), st}}, inf {max{f,(s), st}}}.
s>0 s>0
The opposite inequality holds trivially. ||

THEOREM 2.5. If T:Ay+ A, By+ B, is E-quasilinear, then it is
K-quasilinear.

Proof. From E-quasilinearity it follows that for some >0
t t
E(t, T(ag+ay); By, B) <f <E <[), » Tag; By, Bl>+E <ﬁ » Tay; By, Bl>>

t t
< 2f max {E <[>” Tay; By, Bl>, E<[)” Ta,; By, Bl>}.
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Let us write E(-, - )=E(-, -; By, B;). We have

K(1, T(ag +ay); By, By)

= inf (E(s, T(ag+ a,)) + st) <2 inf max{E(s, T(ag+ a,)), st}
s>0

s>0

<2 ;22 max {2ﬁ max {E <;, Ta0>, E(;, Ta1>}, st}
=4 g ) £ 5 7 ) 5

t
— 48 inf max {E(s, Tay), Es, Tay), S}

s>0 2

<4p inf max{E(s, Ta,), E(s, Ta,), st}.

s>0
By Lemma 2.4

4f inf max{E(s, Ta,), E(s, Ta,), st}
s>0
=4 max{ inf max{E(s, Ta,), st}, inf max{E(s, Ta,), st} }
>0 s>0

<A4p{inf {E(s, Tay) + st} + inf {E(s, Ta,)+ st} }

s>0 s>0
=4ﬁ(K(ts TaO; Bla BO) +K(Zs Tal; Bla BO))
so that

K(t, T(ag+a,); By, By) <4B(K(t, Tay; By, By) + K(t, Ta,; By, By)). |

3. INTERPOLATION

Since we will prove the interpolation theorem in the E-method using the
corresponding theorem in [10], we quote a version of that theorem here.
Throughout, C will denote a generic constant which depends on
&, 1,1, 0,0, q, g etc.

THEOREM 3.1. Let (A,, A,) and (By, B,) be two interpolation couples.
Let

T: Ag+ A, — By+ B,
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be a K-quasilinear operator. Let
g R, x(4o+4,)— R,
be such that
g~K(-,-; By, By) (3.1)
and that for all ae Ay N A,
g(yt, Ta) < (Mg lally + 58" (¢, Ta))'” (32)
and
vg(t, Ta) < (M7 |al’y " +&g" (yt, Ta))', (33)

where 0 <r< oo, y>1, and ¢y, ¢, satisfy 0<ey, &, <y and eye, <?y. Then for
all 0 so that

log*e, log *e,

(34)
log y log y

and 0 < g < o0, we have

1 Tal s, <SCM o~ MY|al 4, (3.5)

By, ¢: k Ap, ¢ k°

The terms ¢pg" (¢, Ta) and &7 g"(yt, Ta) above express the perturbation of
the continuity conditions for 7 in the standard interpolation theorem
which corresponds to the case ¢, =¢; =0. We will have similar terms in the
E-method. We naturally want to allow the widest possible choice of func-
tions corresponding to g, and so we make the following definition.

DerFINITION 3.2. Given /i: R, — R, we define

Ji (t) = inf h(s).

s<t
Clearly I is the greatest non-increasing minorant of 4. If 4 is a non-

increasing function, then clearly i =h.

THEOREM 3.3. Let (Ay, A,) and (By, B,) be two interpolation couples.
Let

T: Ag+ A, — By+ B,
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be an E-quasilinear operator. Assume that
h: R, x(By+B)—R,

satisfies

i £ E(, By, By) (3.6)
and that for all ae Ay n A, and t>0
t t 1/r
h < , Ta> < <M6 HaHi‘O—i-e(’)h’ <, Ta>> (3.7)
14 €o

and

W+ 07 alf) 7o) < b (L 7a) (38)

1

where 0 <r < oo,y>1, and &, &, satisfy 0 <&y, &, <y and &y <y. Then for
all o so that

log*e, <O(<logy—log+60

3.9
log y —log "¢, log "¢, (39)

and* all 0 < p < o0, we have
| Ta”(}BO,BI)W;E< CMM, HQH(AO,A,)Q_I,;E- (3.10)

Conditions (3.7) and (3.8) merit some discussion. If ¢, =0 we interpret

t
eoh” <, Ta> =0
€o
and in this case (3.7) reads
t
h ;a Ta <M0 HaHAOa

1e.,

(-, Ta)|| o < Mo llal 4, -

4 Observe that if g, &; <1, then 0 <a < c0.
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By (3.6) this implies
IE(-, Ta; By, Bo)ll .= <M, ||all 4, -

Thus the term eph"(t/ey, Ta) is a perturbation of the usual continuity
condition.
If &, =0 condition (3.8) reads

h(t"+ M7 |lal’y )", Ta) =0
for all £ > 0. This implies
[A(-, Ta)| o< My |lall 4,
so that
IEC-, Ta; By, Bo)ll o< fM |la] 4,
which is equivalent to
IE(-, Ta; By, By)|| = < pM, ||al| 4, -

This is, of course, the usual continuity condition.

Proof. We define for be By+ B,

g(t,b)= inf H Ji(s, b)was'}w. (3.11)
From (3.6)

1 1 ~
- &1, b) =% inf ([ /1(fs, 0)]"+¢'f's")'" < inf (E'(s, b; By, By) +1's")'"

ﬁ s>0 s>0

<inf q Bi <S, bﬂ ' +ﬁ’t’ﬂ"s’>1/r = inf ([BH (s, b)]" + Bre's™)

s>0 ﬁ
— Be(1, b)
so that by (2.2)
}),g(z, b) <K, (1, b: Bo, B,) < e(t, b) (3.12)

Of course,
Kr(ta ba BO’ Bl) NK(I, ba BO’ Bl)

so that we have (3.1).
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From (3.7) follows

N [T s 1rg >
h <, Ta) <{<M6|a|2 +egh” (, Ta>> } (1)
14 0 €o

< t 1/r
(Ma lall + 5By (8, Ta>>
0

so that

g (yt, Ta) = inf {[ l?(s, Ta)]"+y't's"}
s>0

= inf H I <S, Taﬂ +z's’}
s>0 s

. s "
< inf <M6 Ha\lgo—i- |:60}\l‘ (, Ta>] +z’s’>
>0 &

0
= M}, al?, + 2 inf ([ i <eso Ta>}r+ ' <:0>>
=M |lally,+ef inf ([h(s. Ta))" +17)
= M |all’y, +e5g" (1, Ta)

proving (3.2).
From (3.8) follows

LS+ lall ) )] (0<% (- 7).

But

[A((s"+ M7 lal’y)'", Ta)]™ (1)

= inf A((s"+ M |\a|\f41)1/’, Ta)

O0<s<t

=inf{A(s, Ta) | M ||a|l 4, <s<("+ M7 |a]’ )"}

>inf{h(s, Ta) | 0<s < (" + M4 |all )"} = h (¢ + MY |all7y )", Ta)
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so that

t
B+ M al)", Tay <™ 0 < Ta>.
Y €1

Thus

y'g"(t, Ta)=y"inf {[ (s, Ta)]" + s}

s>0

<y inf  {[ B (s, Ta)] +1's"}

s> M, ”””,41

. ~
=y H>1f0 (LA + M7 lal’, )", Ta)Y + ¢ (u" + M7 a]’y,)}

<y inf {[81 i (” Taﬂ M |a|f41)}

u>0 b4
="M |la|”, ¢+ inf {[‘S‘ i <” Taﬂ —H’u’}
! u>0 Y &1

— "M |la|”, ¢ +& inf {{E <u,Ta>] oyt <”>}
1 u>0 81 81

=y M lal’y, t"+e18" (1)
proving (3.3). All conditions of Theorem 3.1 are met and therefore (3.5)
holds. We recall

l[al (1‘/4(1"41)(),41;1( X all 4y, 4,)

(3.13)

o, ps E°

where = 25 and p=0q (see [2, Theorem 7.1.7]) and get (3.10). |

DeFiNiTION 3.4. Let (Ay, A;) be an interpolation couple and let
0<e<y, 1<y, and 0 <r<oo. Let

h:R, x(Ag+4,)— R,

be such that /i Z E(-, -5 A;, Ay). We define

¢ ¢ 1/r
HaH Wg(Ay, Ay e, .1, h) = Sup |:hr < s Cl> - grhr < s a>:|
t>0 y e +
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and
We(Ag, Ayse,p,r,h)y={acAg+ A, | |a WAy, Ay e, h) < 0}.

We denOte WE(A09A1;83 Vs s E(’ ';AlaAO)) by WE(AOaAl;sa Vs V).

With this definition condition (3.7) can be written

| Tal Wi(By, By 6,1, S M, HaHAO-

The E-functional for the couple (A, 4,) is controlled by the generalized
inverse of the E-functional for the couple (4,, A;). This enables us in some
case to express (3.8) by a norm inequality for an appropriate W class.

DerFINITION 3.5. Let h: R, — R, be a non-increasing function. We
define

h='(t)=inf {s>0| h(s) <1}.

It is easy to see that 4!

and that for all s, re R™

is a right-continuous non-increasing function

h=Y(h(s)<s and  A([h-Y(0)]")<t (3.14)

THEOREM 3.6.
E(t*,a; Ay, A\) SE~'(t,a; Ay, Ag) < E(t, a; Ay, Ay) (3.15)

Proof. Let us consider the first inequality. For all s so that E(s, a;
Ay, Ag) <t and all e>0 we have a; € A; so that |a,| <s and so that
la—ay|.,<t+e This implies E(7 +¢, a; Ay, A;) <s and so for all ¢>0

E(t+ea; Ay, A)) <inf{s>0| E(s, a; Ay, Ag) <t} =E~'(t,a; Ay, Ap)
which implies
E(t*,a; Ay, A) SE7'(t,a; Ay, Ag).

Let us consider the second inequality. For all ¢ >0 there exists ¢, € A, so
that [la|l 4, <7 and so that

la—aq HAI < E(t,a; 4y, Ay) + &
Thus

E(E(1, a; Ao, A1) +&,a; Ay, Ag) <t
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and therefore, for all ¢ >0
inf {s>0|E(s,a; A, Ag) <t} <E(t,a; Ay, A,) +e.
Since ¢ >0 is arbitrary, we have
E=Yt,a; Ay, Ag) =inf {s>0 | E(s, a; Ay, Ay) <t} <E(t,a; Ay, Ay). |
If we assume in Theorem 3.6 that the function / is non-increasing we get

a symmetric version of the theorem. This version is the most convenient
one for the applications which we present in the last section.

THEOREM 3.7. Let (Ao, A,) and (By, B;) be two interpolation couples.
Let

T-Ay+ A, — By+ B,
be an E-quasilinear operator. Assume that
h:R, x(By+B))—R,

satisfies h X E(-,-; By, By) and h(-, b) is a non-increasing function. Assume
also that for all ae Ay A,

1 Tall 5, 3,500,919 < Mo ], (3.16)
and
I Tal Wy(By. By 6.7 r h-h) S My Ha”Al (3.17)

where 0 <r< oo, y>1, and ¢y, ¢, satisfy 0<ey, &, <y and eye, <?y. Then for
all o« so that

log*¢, <m<logy—log+80

3.18
logy —log ¢, log*e, (3.18)

and all 0 < g < oo, we have
[ TaH(BO’Bl)a,q§E< CM§M, HaH(AO,Al)M;E- (3.19)

Proof.  We need to show that if i R, x(4,+ A,)— R, defines a Wy
class, i.e., if

h X E(-,-; By, By) (3.20)
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and for all ae A, + A, the function /(-, a) is non-increasing, then
h=' X E(-,; By, By) (3.21)

and so £ ~! can be used to define W classes.
From (3.20) there exists > 1 so that

-1

{1 h( s, a)} - (O<E~'t,a4;, Ao) <{/>’h <; aﬂ (2).

p
Clearly
{1 h(fs a)} - (t)—lh_l(ﬁf a)
g A
so that
}fhlwz,a)@l(f» a;AvAoKﬁ’“l(;’”)'
By (3.15)
;hl(ﬂt, a)< E(t,a; Ay, Ay)
and

Bt a: Ay, A)<E(t*. a: Ay A)<E-'t.a: A, Ay <ph—" (L. 4
( s Uy 0> 1) ( s Uy 0> 1) (7 bl 1> 0) ﬂ ﬂa

so that (3.21) holds.

We define the function g as in (3.11), noting that 47 = I

g(t)y=inf,_o {A"(s)+ 1"s"} 1",

As in the proof of Theorem 3.3 we get both (3.1) and (3.2). Let us see that
(3.3) holds. Condition (3.17) is equivalent to

r\ 1/r
h1<;,Ta><<M§ |a|;l+[81h1<;, Taﬂ) . 322
1
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But

g’ (t)=inf {h"(u, Ta)+t'u"} = inf < inf  {s"+ t’u’}>

u>0 u>0 \s=h(u, Ta)

= inf < inf {s"+ l’u’}> = ing {s"+[th~"'(s, Ta)]"}.

s>0 \{u|h(u, Ta) <s}

From (3.22) we have

inf {{th_l <S, Taﬂ +s’}
s>0 y
< inf {M; o Jall?, +[zelh—1 <S, Taﬂ +s’}
s>0 81
e al e inf A (S| (Y
- 1 Al 1S>0 81’ 81
=M1 ||’y +&7 g7(2).

On the other hand
inf{{zhlc,mﬂ +S’}=y' inf H’hl@mﬂ +<S>}
s>0 bl s>0 Y ya i
, <f>
=78 (-
b

so that
r . r t ¥ 41 r r r
Vg 5 SM lall’y, + €7 g7(1).

As in the conclusion of Theorem 3.3 all conditions of Theorem 3.1 are met
and therefore (3.5) and so also (3.19) hold. ||

We will prove a reiteration theorem for W classes. The proof will use
the corresponding theorem in [ 10]; we quote that theorem here.

THEOREM 3.8. Let (Ay, A;) and (By, By) be two interpolation couples.
Let

T:Ay+ 4, '_’Bo“‘(Bo;Bl)e,q;K
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be a K-quasilinear operator and let g~ K(-, -; By, B;), 0<g< o0, 0<e<y,
and 1 <y. Assume that for all ae Ay N A;:

sup [ g7(yt, Ta) —eg(t, Ta)]V? < M, |al| 4, (3.23)
t>0
and
1Tall gy, 3o <M il g, (3.24)
where
1 +
%8 ¢ _p<1. (3.25)
log y
Then for
1 +
%8 ¢ ;<1 (3.26)
0logy

we have for all 0 < g, < o0,

I Tal s, SCMy~* M1 |all 4, (3.27)

B0, 15k ADj g5k "

THEOREM 3.9 (Reiteration Theorem). Let (A4,, A;) and (B, B;) be two
interpolation couples. Let

T:Ay+ A, — By+ (B4, By)

s, pi E
be a E-quasilinear operator which for all ae Ay N A, satisfies

| Tal Wg(Bys By 6, 7, ps h)<M0 HaHAO (3.28)
and

ITall (s, <M, a4, (3.29)

BO)s.p; E

where 0 <p< oo, 0<e<y, y>1 and

log* ¢
_— 3.30
logy—log™*e (3.30)
Then for
1 log™*
8 ¢ <l (3.31)

s logy—log™e
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we have for all 0 <q < o0,
1—
[ T“H(BI,BO)%(I;ES CM,""M17 HaH(AO,Al)”‘q;K' (3.32)

Proof. We will not keep track of the constants which appear in the
proof. We define g(¢, a) as in (3.11). As in the proof of Theorem 3.3 we
have g(t, b)~K(t, b; By, B;) and, using (3.28) we also have (3.23). By
(3.13) condition (3.29) is equivalent to

= |Ta| (s, < CM A+ HaHL/l(Hs)

HTaH(Bo’Bl)s/( Bo)i/(1+5), p(1+5): K

1+5), p(1+5): K

giving us (3.24) with CM "+ in place of M. Therefore the hypotheses
of Theorem 3.8 hold with 41+ in place of 4,. Condition (3.30) with

is equivalent to (3.25). We define 4 by

_l+s
sy

Condition (3.31) is equivalent to (3.26) and so, by (3.27), for all 0 < ¢, < o0
we have

HTaH(Bl,BO)( . K HTaH(BO,

Ls(L=)1+5), 41 B)isi1+5), a1 K

e
< CMé Ml/(1+s) HaH(Ao,A}/“*”)A, oK
We use (3.13) again and get

|| Ta|| L+ = A)/(1 +5) < CM(I)—AM/II/(I +5) HaH(AO,A}/(Hs)h

(B1s Bo)ga/1 +5(1=2), (1 +s(1= )1 +5) a1 E a: K"

Also, using the Power Theorem, see Theorem 3.11.6 in [2], we have

1/(1 + _ 1+s(1—A)/(1+
(AO’AI/( S))l,ql;K_(AO’Al)g./(lj‘r(s(lf)i/)(),(123‘(17}.))/(1+s)q1;K

so that

H T(,ZH (1+s(1—=2)/(1+s)
(Bys B /1 +5(1-2)), (1+s(1-)/(1+5) 41 E

< Ml—/IMl/(l+s) (1+s(1—=2)/(1+5) .
<C 0 1 el (Ao> ADiy(1+5(1=2)), 1+5(1=D/(1+5) g15 K
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We have
B A
T s(1—2)
and denote
_1+s(1—-4)
T 1+s b

We finally get (3.32). |

4. Wz AND NON-INCREASING BMO(R ) FUNCTIONS

Let us see the connection between W and BMO(R , ) conditions on the
E-functional. We will denote by D the cone of non-negative and non-
increasing functions on R . We recall

TueoreM 4.1 [10]. If feDnL,,, then

loc »
1 1t
5 ”f”BMO([R+)<Sup ;J Sflu) du— f(1) | <8 ”fHBMO([RJr)'
t>0 0

For y>1

1t 1 ”t
o, <sup (5 [t d— ) d
t>0 0

(y=1z

2y2
gy—il (Al BMO(R, )

Using this theorem we prove a third equivalent expression for

1/ Ismoa, >

THEOREM 4.2. If feDn L, and y>1, then

loc

—1 292
yT 1/ I sno, ) < SUp <f<z>—f<yr>><(yf +8> 1/ I smoce, ) -

t>0 1
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Proof.

sup(/10)= 0> [ () = )

t>0

%L flu) du—;t f: f(u) du

-5 (G Ly

ft flu) du>

y—1

> 1/ lwoce,)
We also have

1 rt
SO —=fr <7 fo Su) du— f(y1)

:C Lt flu) du—(y_ll) t Lyt ) du>

(e [ o i g0

2y? . 1 7

< |f|BMo<R+)+< [ ftw du— f(y,)>
y—1 vt Jo
292

<y_1 I/ lemow, )+ 8 I/ lemocr,)- 1

We therefore have that if for fe DN L)

loc

sup (f(1) — f(y1)) < o0

t>0

for one y > 1, then the inequality holds for all y> 1.
Recall the definition of Wg(Ay, A;;¢, 7, r):

t t 1r
cagagann=s0p| B (5o doo ) o (Lo, )|

t>0 +
Thus if e=1 we have

lal Wi(dg, s 1, p,7) ~ IE™(-, a; Ag, Al)‘|113/1<40(R+)
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and by Theorem 4.2 we have that if 1<y, y,, then Wg(A4,, 4;;
1,]/1,}’)=WE(A0,A1;1,]/2,}").

5. APPLICATIONS

Let us calculate

£ WE(LO,Lw;e,y,l):sup< < , s L™, L0>—'9E< , i L, LO>>
+

t>0

- (5)- ).

We have shown that if fe DN L} | then

loc>

feBMO®, ) = sup (f(5) (1)) < =

t>0 2
Thus
feWg(L’ L*;1,2,1) = f« €eBMO(R,).

We recall f*=(f,)~' is the non-increasing rearrangement of f, ie.,
(f*)y=fy. Using Theorem 3.7 also with /1 = f,, we get:

THEOREM 5.1. Let (A, A,) be an interpolation couple and let T: Ay+
Ay L°+L*® be an E-quasilinear operator which satisfies for all
aceAyn A,

H(Ta) HBMO(IR ) <M, HaHA
and
H(Ta)*‘|BMO(R+)<M1 HaHAl~
Then for all 0 <a< oo and 0 <g< o0
[ Tal Lo, L), < C(o) MGM, Ha”(AO Ay gig”

In particular, for all 0 <p < oo and 0 <g< 0

f*eBMO(R,) and f, eBMO(R_)=feL(p,q).
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We consider a second application. Let w be a positive function
measurable on a measure space. We denote

1= ([ o)

Stein and Weiss in [7] proved in effect,
(LP LE)o. pix =Ly

Thus if (4,, A;) is an interpolation couple and if 7 is a quasilinear
operator into the space of measurable functions on a measure space
(2, 2, u) which satisfies

1/p
([ 17l d) "<y al (5.1)
and

1/p
([ lo7al”du) " <31, lal, (52)

then for 0 << 1

1/p
([ 100alr de) "< O My M Naliay g, o 53)
We will prove that (5.1) can be replaced by the weaker condition
1/p
sup (j ITaI"du> <M, llal 4, (54)
—w<n<oo \"{y" " l<o<ym}

where y > 1, i.e., this condition, together with (5.2), implies (5.3).

Peetre and Sparr in [6] defined |/, = [wl{sz0yl .~ and, of course,
Ap=1{f1 /14, < w}. A4, is a normed group, and is, in fact, complete. If
A is any quasi-Banach lattice with a group structure, then it is easy to see
that

E(ta f’ Aw’ A) = Hfl{w>t} HA

In particular

1/p
B it L) =Ty L= ([ 1) 539

w>1
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This can then be used to prove that for 0 <s<1 and O<p< oo

(Aa)’ Lp)s,p;E:Lg)s- (56)

The calculation of the E-functional enables us to calculate the norm in
We(L?, A,;1,y, p) for ] <y<oo and 0<p < o0,

) r )
1 1wy, s 1.5y = SUD <E1’ <y fidy,, L”> —E?(1, f: A, LP)>

t>0 1/p

1/p
—swp| [ Aprde= | Ifirda
(o> 1) {1}

t>0

1/p
— sup [ [ Ifl”du} .
{thh<w<t}

t>0

It follows that for all o> 0

HfH We(LP, Ayas 1, 7% p) — ”f” Wg(LP, Ay; 1,9, p)*
It also follows that

1/p
sup | ] 17 da| <1 Nt
{y”<w<y"*l}

—oo<n<oo

1/p

<y osup “ 17 dy
{yn<w$yn+l}

—o<n<owo

(5.7)

Recall that ae Wg(Ay, 4151, 9, p) < E?(-,a; Ay, A,) e BMO(R_) and
that in this case the class Wg(4,, A;; 1, 7, p) does not depend on the value
of y>1. Thus Wg(L?, 4,;1,y, p) does not depend on p>1; this is also
clear from (5.7), of course. From the last comment follows that

(Al Wi(LP, Ao 1,7, p) ~ I/l Wi(LP, Aya; 1,7% p) — I/ We(LP, A, 1,7, p)- (5.8)

Let us prove that (5.4) and (5.2) imply (5.3):

THEOREM 5.2. Let T:Ag+ Ay — L? + L2, where 0 <p < oo, be an
E-quasilinear operator. Assume that for some y>1 and all ae Aqn A,

1/p
sup || Tarde)  <Molal,,  (59)
{yn—l <w<y"}

—oo<n< o
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and

1/p
([ 1o7al” ae) "<ty al,. (5.10)

Then for all 0 <0 <1 we have

1/p
< [ torrar dﬂ> <CMY-"M |al .

Ao, pik
Proof. Condition (5.9) can be written
Tae Wg(L?, A,;1,2, p)
which by (5.8) is equivalent to

Tae Wg(L?, A; 1,2, p).

w?s
By (5.6),
(A2, LP)1/2, P E~= Lf)
so that (5.10) can be written
[ Tal (sz,LP)(,Z,p;Eg M, HaHAl .

Thus, by Theorem 3.9 with B,=L” and B, =4, we have

1/p gp 1/p
<L2 |w’Ta|” d,u> = <2> \|Ta|\(Aw2qu)0’2_’p;E

1—04y0
<SCM ="M, HaH(AO,A])[,‘p:K' |
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